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STRESSES IN A WEIGHABLE HALF-PLANE
WITH A SEMICIRCULAR NOTCH

A. D. Zaikin UDC 539.3+624.131.522

The influence of the surface roughness on the stress state of a rock is studied. For an elastic
half-plane in the gravity field that contains a notch shaped like a semicircle, the stress distri-
bution is constructed. It is shown that depending on the Poisson ratio, the notch bottom can
be in a state of tension or compression. The polynomial dependence of pressure on depth is
gtven on the azxis of symmetry.

The stress state of a geological section depends on the contour of seismic boundaries [1]. To analyze
the stresses that are due to the surface roughness, we consider a half-plane weakened by a notch in the form
of a semicircle.

1. There is a homogeneous elastic half-plane whose boundary has a notch in the form of a half-disk of
unit radius in the gravity field. The equations of equilibrium have the form

aO'ik

Dy,
where p is the density and g; is the component of the acceleration-of-gravity vector. The boundary conditions
are the absence of loads at the boundary of the half-plane and the notch contour.

In the absence of a notch, the solution of the problem for a half-plane is written in the form

+pgi =0, (1.1)

oo =ypgv/(1—v), oy, =ypg. 09, =0, (1.2)

where v is the Poisson ratio.

The general solution of (1.1) for a half-plane with a notch can be written as a sum of the particular
solution (1.2) and the general solution of the homogeneous equation of equilibrium o¢;; = O'?j + 011]-. The
additional stress field az-lj should compensate for the loads P; = o;jn; created by the particular solution (1.2)
at the semicircle contour.

Assuming that the z axis coincides with the half-plane boundary and the y axis is directed upward,
we have n; = —z and ny, = —y on the semicircle of the projection of the normal vector; therefore, Pfc’ =
—yzpgr/(1 — v) and PS = —y?pg. On the complex plane, we have z = (z + z)/2 and y = (z — Z)/(2i); then

PY+iP) = - (2 liuzz - 11 _21/"22),

For the normal and tangential components of the load vector, which compensates for the particular
solution (1.2) on the semicircle contour, we have N — iT = (P2 — ng)z For O’ilj, the boundary condition on
the semicircle contour is written in the form

[z} =1, Imz <0.

|z} =1, Imz < 0. (1.3)
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We now extend (1.3) to the region Imz > 0. The resulting loads are antisymmetric with respect to the z
axis.

2. We consider the unbounded plane with a cut circle of unit radius to which the loads (1.3) are
applied. If (1.3) is represented in the form of a complex Fourier series

+00 _
N—iT= Y A (2.1)
k=—0c0
only the coefficients A; = ipg/2, A_1 = —ipg/(4(1 —v)), and As = —ipg(1 — 2v)/(4(1 ~ v)) differ from zero.

Let ®(z) and ¥(z) be functions that are homogeneous outside the circle |z| = 1; the expansion of these
o0 o]

functions into a Laurent series has the form ®(z) = Z arz™¥ and ¥(z) = Zbkz‘k. According to [2], the
k=0 k=0
coefficients ay, and by, are related to the expansion coefficients (2.1) by the relations

ag="T, a1=/_11/(1+&), ag=f,+A2. anzfin,

bo=T", bi=—-2A/(1+&), by=2I—Ay, by=(n—1)an-2~A_pta. n >3,

where @ = 3 — 4v in the case of plane strain and I and I are the specified quantities which characterize the
stress distribution at infinity.
In this case, only the coefficients

o = P9 ge o P9 =20) o dpg(3-4v) . ipg(l - 2v)
TRy BT i —p) 0 T 8l-v) = ° 1-v
are not zero. Then, the potentials can be written in the form
ipg 1 2(1-2v) ipg (3—4v 8(1-2v)
®(z)=— - - U(z)=— - .
(=) 8(1—u)( 23 >’ ) 8(1—1/)< z 25 )

Since the stress tensor is determined from the relations

Ozz + Oyy = 4Re B(2), Oyy — Oz + 2005y = 2(28'(2) + ¥(2)),

we finally obtain

U;yz 8(1pf y)(_(5-4’/) 51rr1<,9+51nT3c;+4(1_2y) 51171‘34,9__6(1_2 )51259’-{-8(1—2 )sm5<,y)
1 og cos 3 COos cos 5<,, €os 5
=17 —6(1 -2v -2 2.2
T = gy (T~ (B4 E - 61— 2) ST 81 - 2) =57, (2.2)
1 o9 sin ¢ sin 3¢ sin 3«,, sin 5«, sin 5«,
I e — _ 1-—
% = gy (1= 0) = 41— 2) B 61— 20) TR - 81 - o) 2E),

where 7 = 1/x2 + y2 and ¢ is the polar angle. For transition from the circle of unit radius to a circle of radius
R, it is necessary to replace pg in (2.2) by pgR, and r by 7/R.

It is easy to check that together with (1.2), the resulting solution (2.2) ensures zero loads on the circle
contour. On the real axis, we have

1-2v y1 3 4
1 _ 1o 1
=T Gt E ) T =0 (23)

Thus, solution (2.2) is not subject to the boundary conditions imposed on the additional field a on
the real axis. We construct a solution cr that ensures zero loads on the circle contour and tangential loads
compensating for (2.3) on the real axis.
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3. Let the concentrated force (Pr, Py) be applied to the point z; = (2,0) (|21] > 1) located on the
real axis of the plane with a cut load-free circle of unit radius.

The potentials of the concentrated force applied at an arbitrary point 2; of the unbounded plane have
the form

p(z) = ~Pln(z — z1), P(z) = @Pln(z — 21) + 51P/(z — z1), (3.1)

where P = (Py+iP,)/band b= 27(1+2). If X and Y are the projections of the loads applied at the contour
s, the limiting relation

w(z) + 29 (2) + ¥(2) = l/(X +iY)ds = f(z) (3.2)
0

is satisfied on the contour [2]. Substituting the concentrated-force potentials (3.1) into (3.2), we have

10 o? )
k)

l—z10 1-1:0

flo)y = —P(ln(o‘—xl) —a&ln (:71— —xl)) —+—}5(

To unload the circle contour, we apply the loads — f{o) to it. We represent the solution for an unbounded
plane with a cut circle whose contour is loaded in the form [2]

o] = 1. (3.3)

N N ) N U O C W O
PO =an | ol WA= | S 34
lol=1 lol=1

We write the conjugate boundary condition in the form

f(a)z—l—’(ln(é—xl)—aeln(a—ml))+P( St S ! ), lol=1.

oc—xz1 oloc—ay)

We now substitute (3.3) and the resulting expression into (3.4). The integrals from (3.4) are calculated using
the Cauchy theorem and integral formula. After calculating the integrals. we have

1 _ 1 1
5(2) = —Paeln(1— ~—) iy - ,
#(2) ® n( 12 (l—xlz m%(l—:rlz))
(3.5)
_ 1 1 o4
w(z):Pln(l———> —P——-—Yﬁ. lz] > 1.
Iz X112 z
Combining (3.1) and (3.5), we obtain the potentials that correspond to the concentrated force applied at a

point on the real axis of the plane with a cut circle having a load-free contour:

@(2) = Wi(z,21) Pr + iWa(2,21) Py,  ¥(2) = Ws(z,71) Py + iWy(z,71) Py, (3.6)
where
1 1 - z?
Wz, 1) = ~la(e =) =l (1= ) + it
1
" 1 1—a?
bWa(z,21) = —In(z —z;) —2In (1 - :E_1;) - m’
1 - Ao
adt 1 1— a3 & 1
Ta(z. 1) = _ 1y _ 1
bWs(z,21) = @ In(z = 21) + — o +1In (1 zlz) izl —z122 2 —a12) 712’
Wiy(z,21) = —& In(z — 1) + i In (1 2712) z(l—zi2? 2 —-z12) 212
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On the abscissa axis, together with the concentrated load, the distributed load also corresponds to the
potentials (3.6).

4. Let the continuous functions p(t) and 7(¢) be defined at the boundary L which consists of the rays
[—00, —1] and [1, 00] belonging to the real axis. Then the zero loads on the circle contour correspond to the
potentials

o(z) = / (Waz.t)r(t) + iWalz Op(t) dt,  (z) = / (W, t)7(2) + iWa(z, )p(8)) dt,
L L

which are homogeneous outside the unit circle. Using these potentials, we form the functional

#(2) + 2¢/(2) + 9(z) = /(91(‘% )7(t) + iQa(z, t)p(t)) dt, (4.1)
L

where

le(z,t)=——1n(z—t)+&ln(£—t)—wln(l—%)+ln<1——1-) -

+<z_l)( 1—¢2 L= )+ 1-—1¢2 1
Z/\t(1—t2)?2 21 -1t3) t2(1 —tz) tz’

ng(z,t):—ln(z—t)+aeln(2—t)—aeln<1—l)+1n(1-21§>+____

-
<

+< 1)( 1—¢ & )_ 1—¢2 +i

TEINA-gE  E1-t))  B-tz) 2

We differentiate (4.1) with respect to = on the real axis. By virtue of (3.2), for the left side of equality (4.1)
we have

d — ==
== (p(z) + 270 + () = iX - V. (4.2)
The value of the integrand on the right side of (4.1) depends on from which half-plane the limiting passage
to the real axis is carried out. In the form lirrilo(dﬂk(z, t)/dx), the terms containing the logarithmic function
y—
are multiple-value, because lin}) (dln(z £ iy ~ t)/dx) = 1/(x —t) F ind(x —t). The upper sign (plus or minus)
y—?

corresponds to transition from the upper half-plane.
After the transition to the real axis, we obtain

d . 1—a .
bZL‘- Qi(z,t) = 2in(l + &)0(z - t) — gy + Ki(z, t), (4.3)
where
1 /22 l1-e 1 2(1-¢%) 1
Kl(x’t)—l—tw<?c§_ T >+a—2+(1—tx)3(r—;)
1 2 1t et
e (U = S - — — @t 4 — ),
(l—tx)z( t tx2+x2 +x2)
, 1 22 l-e& 1 201-¢) 1 1 1 t ot
2(x’t)“1—tx(_?7“ T )—t—a_:—i+(1—tz)3<$—;)+(1—t$)2(tx2 F_wHF)'

After separation of the real and imaginary parts of the functions p(t) and 7(¢), from (4.1)-(4.3) we
obtain the singular equations with Cauchy-type kernels:
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+r(1 + #)r(z) ~ / f dt + / Koz, )p(t) dt = bX*,

(4.4)

L
(1 + &)p(z) + (1 — &) / ;f)t dt — /Kl(x.t)r(t) dt = bY' %,
L L

Thus, one can satisfy the given loads on L with the functions p(t) and 7(¢) (t) chosen properly.

5. If one sets & =1 and b = 27 in (3.1), one obtains the potentials of the concentrated force applied
to the half-plane boundary [2]. After this substitution, the potentials (3.6) can be treated as the potentials
of the concentrated force applied to the boundary of a half-plane having a semicircle-shaped notch whose
contour is free from loads. In this case, (4.4) is reduced to the form

7(z) — /Kg(a:,t)p(t) dt = X, p(z) + /Kl(z.t)r(t) dt =Y, (5.1)
L L
where
) _ 2 1 2(1-1¢%) 1 1 2 1 2
2ﬁf\1($-t)*m+'{l_—2+m(l—;> +m(—t+?+55—;2-),
) = 2 1 2(1-t%) 1 1 1
mkale,t) = TR @ a—wp (x ) T @e (tx- t)‘

The sign of the load projections X and Y is changed, because the region remains on the right rather than on
the left in the motion along the real axis in the positive direction. In contrast to (4.3), the kernels K (x,t)
and Ky (z,t) include the factor 2.

We now write the kernels of the resulting equations in the form of power series in z:

2r Ky (z, 1) ZSI -k 27 Ko(z.t) = ZS(’ -k,
k=2
where S} = 2t74, S} =472 - 2t74, S} = (k- 1)(k ~ 2)(— t“ + 2t — )7k, §3 = —2t73, 82 = 4472 — 6t~
and S = (k— 1)(~kt™! +2(k - 2)t — (k — 9)t)t™* for k >
With allowance for the structures of the kernels and the equality

/t_ndt:{ 2/(n—1), n=0,24,....2k L= [—00,~1] U[L 0]

0, n=1,35,..,2k+1,
one can show that if X is an odd function and Y is an even function relative to z, we have 7(x) = —7(~x)
and p(z) = p(—z). We search for the densities of the potentials in the form
o~ O2p+1 — B2
+
@) =) = p@)=3_ = (5.2)
n=0 n=1
Then, Eqgs. (5.1) can be rewritten as follows:
Aon41 > 1
n-+ —2m
X = Z P R v Z 22T Z 52m/52h+1(t £ dt, (5.3)
n=0 m=0
xR [ee) 0
6271 1 1 _.2 1
Z —on T o PR 7%k > ams S2k(t mdt
n=1 k=2 m=0
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If Xok4+1 and Yo are the expansion coefficients of the loads into series similar to (5.2), then, equating
in (5.3) terms with the same powers z, we obtain the following infinite system of linear algebraic equations
relative to ax and Sg:

o
a2k 41 — Z 521113371:*—1 = X2k+17 k= Ov 17 21 ceey OO,
m=1 (5.4)

oo
.BQk + Z a2m+1A%fn+1 = Y'2k7 k= 17 2? 37 ceey OO,

m=0
Here
2 4 4 6
2 1 3
= — = B(, = -— .
™A1 om + 1’ By =0, ™ = o 1 2m+ 3
1 2 1
A = (2k-1)(2k-2){ - -
™Az = ( 1)@ 2)( 2m+2k+1+2m+2k—1 2m+2k—3>’
2% +1 2(2k — 1) 2k -3
B2+l — op( — - > 2.
TB2m ( O +2k+1 2m+2%k—1 2m+2k—3>’ k

To compensate for the stresses (2.3) on L, we set the coefficients X; = 1, X3 = 3, and X5 = —4 different
from zero on the right side of (5.4). Then, the coefficients oy, and J; depend only on the index k, and the
characteristics of the medium enter the solution (5.2) in the form of the factor A = 0.25p¢(1 — 2v)/(1 — v).

If only the first Al terms of expansion (5.2) are retained in the infinite system (5.4), its solution, for
example, by the Gauss method with the choice of the principal element, has no difficulties. As Al — oo, the
solution converges, and, beginning with the fifth or sixth term, a; and 8, decrease similarly to AI~!.

6. With a4 and §; known, one can determine the stress state at each point of the half-plane. Here it
is more convenient to pass to the potentials ®(z) = ¢'(z) and ¥(z) = ¢'(2):

®(z) = /(Ul(z,t)T(t) + iUa(z,t)p(t)) dt, ¥(z) = /(Ug(z,t)r(t) + iUs(z, t)p(t)) dt. (6.1)
L

L
Here
1 1 1—¢#2 1 1 1-¢2
— 2rU. Z.,t = - ’
7t = o T e = St s T
1 ¢ 1
21Us(2,t) = Tt—2z (z —t)? h z(1 —zt)
2 1-—¢2 t _20-¢%) 1

T A TR e FA-6P (=8P 2

1 t + 1 . 2 1 2(1 —t?) 1
t—z (z2-8)2  z(1—-2zt) 23(1—tz2) 2(1—t2)?  z(1—1tz2)3  tz%

2rU4(2,t) =

We define the following integrals [3]:

dt 1 z+1 . Z 2
Iny1 = /tQ"“(t—-z) = Zentl (ln (z - 1) —zn-) B ; (2n — 2k + 1)z%’
] =

dt 1 z+1\ . = 2
bn = /t%(t —2) ?Zf(l“ (?—_1> B ”) N kz_; (2n — 2k + 1)z2F-1’
L =
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n

gt . 41 »2k—1
J2n+1=/t2n+1(1_zt):—z ln(z——1>+22n—2k+l

I k=1
dt on1 (24 22252
n = ———— — 1 PR — =Y, b4 ey 3
J2 /t2"(1—zt) n(z—-l)+ —~on—2k+1 0.1.2....00
L
Ro=2/(z*-1), Qo=-2/(z2-1), Hy=-2/(z-1)2, H_;=-2z/(z* -1, (6.2)
_ dt am1f 2z z+1
R"_/t"(l—zt)2“"” (22_1—111(2_1))
L

n-1 —1 —k
S 1
z:ln——k)n k+1)( 1+2 _1—z>’

0= [ e = —m (g (m (E) i)

n—1 n (_1)n—k 1
_Z(ﬂ—k)(n—k+1)z’~‘( z+1 _2—1)’

k=1

2 2s(22 -2
H"Z/tn(ld—tzt)3 s +21) ((2(2—1;) _In(ii»

S n(n + 1) (n — k)~izh=1 (—1)n—k 1
—Z(n k+1)n—k+2)(( )2'(1—z)2)’ n

’
The expressions for J,,, R, and H,, contain the differences of the power functions z”. For large z and n,
the calculations in finite-valued arithmetic become impossible because of rapidly growing errors. Therefore,
for z > 1, we use the expressions derived from (6.2} by means of series expansions:

x —2k—1 —2k 2

2
Jopyg = =25 —2 = .
ntl kz_()2n+2k+l Jan Z2n+2k+1
oo o0
(2k + 2)z= %3 (2k 4 1)z 722
Ropi1 =2 —o§ AT
n+l Z M+ 2k+3 B =23 2n + 2k + 1

o o] xX0 Ny
(2k +1)(2k + 2)z~ %3 2k + 2)(2k + 3)z %4
Z )z H2n=-z( )( )

S m+42%k+3 T m+2%k+3

Hopp1 =

Substituting (5.2) into (6.1) and taking into account (6.2), we obtain the desired potentials

2% P(z) = Z Q2n+1 (I2n+1 + J2n+1 + Ronyo — R2n) +1 z Bon (I2n + :72— — Rony1 + Ron- 1)

n=0
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Ofx/2h) , oy /(2h) Oy /(PER)

0 1
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Fig. 1 Fig. 2
27 d 1 2 Ropy1 | 2
. n+
-+ V() = ‘l; Ban (IQn - Q2n-1+ (; + ;) Jon — =+~ (Han ~ H2n—2)> (6.3)
1 2 1 2 2
+,;,OQ"+1(— Topp1— Qon — (; - -Z-g)J2n+1 + ) (Ran+2 — 2Royp) — p (Hons+1 — Hop—1) + m)

Thus, the stresses in an elastic half-plane with a notch in the form of a half-disk in the gravity field
are the sum of stresses (1.2), (2.2), and (6.3). From the symmetry of the problem, it follows that o, and
Oyy are even functions relative to z, and oz, is an odd function.

7. We represent the total stresses in the form o;; = o?j + U,-lj +0;;, where o7; are the stresses calculated
from (6.3). The calculations were performed for a notch of radius R: the coordinates are referred to the
radius, and the stresses to pgR.

Figure 1 shows the stresses o2, (curve 1) and a;y (curve 2) at the boundary y = 0. The stresses are
referred to 2h [here 2h = 0.5pgR(1 —2v)/(1—v)] and do not depend on the characteristics of the medium. By
virtue of the boundary conditions, the stresses ogy are zero, and ng(:c,O) = —cr}cy(a:,O). With allowance for
(1.2) and (2.2), we find that curve 1 in Fig. 1 corresponds to the single nonzero component of the total-stress
tensor at this boundary.

The error of the calculations by means of (6.3) is connected mainly with the fact that we should confine
ourselves to a finite number of desired quantities in the solution of the infinite system (5.4). However, this
error becomes noticeable only in the vicinity of the angular points (£ R, 0).

In the calculations, 200 terms were kept in system (5.4). Beginning with M = 25, the stress distribu-
tions do not as a matter of fact depend on the number of retained terms, except for the component o2, in
the interval —1.32R < = €< —R. As the dimensionality of the system grows, the solution converges slowly to
the value of 02, (—R,0) = 0, which follows from the boundary conditions on the semicircle. The polynomial
interpolation was performed in the indicated interval.

The material near the boundary is in a state of compression, because opx < 0. For z =~ —1.74R,
the compression reaches the maximum values of o,; &~ —0.2pgR(1 - 2v)/(1 —v). If z — oo, we have
ozz ~ —(R/x)2.

In the solution, the quantity 022]- and the sum of U?j and O’ilj give zero loads on the semicircle contour;
therefore, in the polar coordinate system, only the stress-tensor component o, is different from zero; the
dependence of this component on the polar angle ¢ is shown in Fig. 2 [curve 1 refers to a?p‘p, curve 2 to
Ugv + ajw, and curve 3 to the sum of the stresses (1.2), (2.2), and (6.3)].

In the calculations, the Poisson ratio was assumed to be equal to 0.2. For a :30° deviation from the
vertical, the notch contour is in a state of tension, and the other sections of the contour are in a state of
compression.

At the notch bottom, at the point (0, ~R) the solution (6.3) gives a single nonzero component of the

2

2
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-4 -2 0 2 4 /R

stress tensor 02, /(2kh) = 1.59. For the total-stress tensor [the sum (1.2), (2.2), and (6.3)], we can write
Oz = 0.5pgR((1 — 4v) + 1.59(1 — 2v))/(1 — v), Oyy = Ozy = 0.

The stress concentration at this point reaches a significant magnitude and is determined by the Poisson ratio.
The notch bottom can be in a state of tension (o = 1.04pgR for v = 0.1) or compression {c, = —0.235pg9R
for v = 0.4). The change of the types of stress occurs for v = 0.361.

The average normal stress has the form P = —(o.; + 0yy)/2. Applying the polynomial approximation
to the calculation results obtained from (6.3) and taking into account the contribution from stresses (1.2)
and (2.2), we represent the average normal stresses on the straight line z = 0 in the form

pgR - 0.494 1301 2239 2133 1194 0.3

P(¢) (¢ (-2 (- - "o " w))
where £ = y/R. For v < 0.361, in the vicinity of the notch bottom there is a zone of tensile stresses in which
P < 0. The depth of this zone is quite significant; it reaches —1.275R for v = 0.1 and —1.135R for v = 0.25.

The stress (1.2) increases by a linear law with depth. An additional stress field (ailj + oizj), which
decreases with distance from the notch not slower than =}, is imposed on (1.2). Figure 3a—c shows isolines
of the additional field of stresses 0.z, oyy, and ogzy. The calculations were performed for v = 0.2. As before,
the stresses are referred to pgR.

In the narrow zones adjacent to the boundary y = 0, compression occurs in the horizontal direction
(0}, + 02, < 0), and expansion occurs on the other part of the half-plane (¢l, + ¢2, > 0) (Fig. 3a). The
influence of the notch decreases rapidly with distance from it. The maximum stresses g, are reached at the
notch bottom and on the rays located at the angles 7/4 and —/4 to the coordinate axes.

The stresses oy, of the additional field (Fig. 3b) are localized under the notch and, as a result, the
material extends in the vertical direction (a;y + agy > 0). The maximum value of oy is attained at the notch
bottom and is equal to pgR according to the boundary conditions.
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The petals of the isolines of the stresses oz, of the additional field are elongated at the angles 7/3
and —7/3 (Fig. 3c). The maximum value of oy = 0.28pgR is reached at the points with coordinates (+0.7R;
—1.46 R) rather than on the notch contour.

Thus, the notch is a concentrator of stresses. The effect of the notch on the stress state of rocks is local;
at the depth 5R, the contribution to the average normal stresses is 3.3%, which is 5 MPa, for example, for
p = 2.55 g/cm® and R = 200 m. These gradients can cause a redistribution of fluids that saturate productive
layers, thus creating potential traps of the kind for them.
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